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IN1RODUCTION 
Last summer I showed that for the pure mode directions the nonlinear terms in the 
equation describing propagation of ultrasound in a crystalline lattice take the same general 
form as those describing propagation in a fluid} This makes possible the definition of a 
nonlinearity parameter for solids in analogy with the nonlinearity parameter for liquids and 
gases. The magnitudes of such nonlinearity parameters were shown to be associated with 
physical properties of the sample under study. Since one can define nonlinearity 
parameters in terms of linear combinations of second order elastic (SOE) and third order 
elastic (TOE) constants, it now is possible to go into much more detail. Recent 
measurements of the TOE constants in diamond lattice solids (cubic symmetry) have been 
interpreted in terms of the interatomic potential function2 through the use of the Keating 
model.3 Additional measurements have been made in copper single crystals,4 as well as 
perovskites5 and NaCI which exhibits a very large nonlinearity parameter.6 The research 
has been expanded to include theoretical work7 and experimental measurements8 for 
crystals of symmetry other than cubic. Recently the research is devoted to an 
understanding of the effect of piezoelectricity on nonlinearity measurements.9 
The present discussion is a summary of what we have learned. Data from 
measurements on silicon are used to describe the way one can obtain TOE constant data 
from measurement of nonlinearity parameters. An interpretation then is made in terms of 
lattice dynamical models, and a comparison is made with data from samples exhibiting 
much larger nonlinearity parameters. Finally, the effect of piezoelectricity on nonlinearity 
measurements is described. 
TI-IEORY 
The nonlinear wave equation describing ultrasonic wave propagation in a crystalline 
medium can be written in the form 
d2~ = C ~d2~ _ f3 d~ i~)· . 
2 0 2 2 dt da da da 
If one assumes an initially sinusoidal wave, the solution is 
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(2) 
Measurement of the second harmonic of an initially sinusoidal wave allows one to evaluate 
~ since all other quantities in Eq. 2 are known. 
Since 13 is different for three principal directions in a cubic lattice, measurements in 
the principal directions allow one to evaluate different combinations of TOE constants. For 
the principal directions 
~JOo = - (ClIi + 3) , 
Cll (3) 
~1l0 = - (Clli + 3C1l2 + 12C166 + 3) 
2 (Cll + C12 + 2C44) , (4) 
~llI = - (C111 + 6C1l2 + 12CI44 + 24CI66 + 2CI23 + 16C456 + 3) . 
3 (Cll + 2C12 + 4C44) (5) 
Measurement of ~lOO gives Clll directly since Cll = pCo2 is a known quantity. Similarly, 
measurement of 13110 gives the combination Cl12 + 4Cl66 since all other quantities in Eq. 4 
are known. Likewise, measurement of ~lll gives the combination Cl23 + 6Cl44 + 8C456. 
RESULTS FOR CUBIC SOLIDS 
We have measured nonlinearity parameters of many cubic crystals as indicated last 
year. I The fact that we can measure as a function of temperature from approximately 4 OK 
to 5000 K means that one can test the validity of the measurements by referring to models of 
the solid state. For example, we have evaluated the TOE constant combinations Cllt. 
Cll2 + 4Cl66 and C123 + 6Cl44 + 8<456 from measured nonlinearity parameters of the 
diamond lattice solid silicon. The results are given in Figure 1. These curves resulting 
from experimental data show that CIII is almost temperature independent and that the other 
combinations approach OOK in a characteristic way. 
If one uses the simplest model possible, a central forces model, one finds 
Cl2 =<44 
and 
Cl12 = Cl66 
Cl23 = <456 = CI44. 
(6) 
(7) 
(8) 
The next-simplest model would include the assumption that nearest-neighbor interactions 
predominate. This would mean that 
and 
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CII = 2C12 = 2<44 
CIII = 2Cl12 = 2Cl66 
C123 = <456 = C144 = a 
(9) 
(10) 
(11) 
The relationships among the SOE constants are often referred to as the Cauchy relations, 
and this designation sometimes is used to describe the corresponding relationships among 
the TOE constants although it is inappropriate to do so. In any case, a solid in which 
central forcers and nearest neighbor forces predominate would be one in which 
relationships among the TOE constants that appear in Figure 1 would be 
CI12 + 4CI66 = 5/2CIII (12) 
and 
Cl23 + 6Cl44 + 8~56 = O. (13) 
For reference, 5/2CIIl is plotted in Figure 1, and it can be seen that Cl12 + 4Cl66 
approaches 5/2Clll as the temperature approaches O°K. Likewise, CI13 + 6CI44 + 8~56 
approacheS' zero at low temperatures. Superficially, then, Figure 1 indicates that as far as 
TOE constantly are concerned, silicon approaches the behavior of a central forces, nearest 
neighbor solid at low temperatures. 
Another diamond lattice solid, germanium, has been measured. The corresponding 
data for germanium shows a similar trend, as shown in Figure 2. The fact that two 
diamond lattice solids behave in a similar fashion tends to confirm the validity of the 
measurements and the assumption that details about interatomic forces show up in TOE 
constant measurements. This statement is further confirmed by pointing out that the 
corresponding data on copper single crystals, a metal, behave in a fundamentally different 
way. As shown in Figure 3, for copper Cl12 + 4CI66 = 5/2Clll within 6% over the entire 
temperature range measured, and Cl23 + 6CI44 +8~56 remains small, passing through 
zero at 400K and again at 180°K. In copper CIII exhibits temperature dependence as well. 
The conclusion to be drawn from comparison of Figure 1, 2, and 3 is that TOE constants 
are directly correlated with lattice anharmonicity. In less perfect samples this correlation 
may be masked by lattice imperfections such as dislocations, interstitial, etc., but these 
samples show that the correlation exists. 
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Fig. 1 Temperature Variation of Combinations of 
Third Order TOE Constants of Silicon. 
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Fig. 3 Temperature Variation of Combinations of TOE Constants of Copper. 
NONLINEARlTIES OF OTHER SYMMETRIES 
The effect of nonlinear distortion of ultrasonic waves propagating in pure mode 
directions has been calculated for crystals of hexagonal, rhombohedral, tetragonal and 
orthorhombic symmetries.7 Details are available from measurement of nonlinear distortion 
which do not show up in ultrasonic velocity measurements. For example. in the basal 
plane of a hexagonal crystal one finds that the ultrasonic wave velocity is independent of 
direction. On the other hand, the TOE constant that determines second harmonic generation 
in the basal plane of a hexagonal crystal is different for different directions. This is shown 
in Figure 4 in which ell I can differ considerably from C222. The TOE constant 
combination for the different directions has extreme values equal to CllI and C222 for 
certain directions and intermediate values between. The characteristic hexagonal symmetry 
is readily recognized in Figure 4. 
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Fig.4 Third Order Coupling Parameter Dependence on the Azimuthal Angle 
in the Basal Plane of a Hexagonal Crystal. 
EFFECf OF PIEZOELECTRICITY ON NONLINEARITY 
To properly introduce the effect of piezoelectricity, one must rederive the nonlinear 
equations from first principles. The effect of piezoelectricity and other nonlinear 
phenomena can be introduced by writing the free energy or the elastic enthalpy in the form 
H2 = t CijkJl'\ij1lkl + ~ Cijklmn1lij1lkl1lmn - t EijEiEj 
-k EijkEiEjEk - eijkEi1ljk - t dijklE jEj1lkl 
-t eijklmE i1ljk1l1m. (14) 
Here, Ei is the electric field, 1lij the Lagrangian strains, Cijkl and Cijklmn the second-and 
third-order elastic moduli at constant electric field (unstiffened), Eij and Eijk the linear and 
nonlinear dielectric coefficient at constant entropy, eijk the piezoelectric stress moduli, and 
d~kl and eijklm the third-order piezoelectric strain and stress moduli. The nonlinear 
dielectric constant Eijk may be related to the nonlinear optic and electro-optic coefficients, 
while the material parameters dijkl and eijklm may be related to the elasto-optic 
electrostrictive, and elastoacoustic constants. 
From this point the derivation is straightforward but lengthy.9 The point to 
emphasize is that when used to derive the nonlinear wave equation this expression for the 
free energy gives a consistent approximation. Deleting any of these terms leads to 
inconsistencies if the sample exhibits effects corresponding to terms ignored. We have 
calculated the effective SOE constant combinations and the effective TOE constant 
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combinations that determine nonlinear distortion in a piezoelectric crystal. They can be 
written symbolically as 
K2 = C'll(l + ~K2), 
K3 = C'llI(l + ~3 + ~Kt3 +~K"3), 
(15) 
(16) 
where the piezoelectric corrections are 
and 
~K = (e'l1)2 
2 C' , , 11£ 11 
~K'3 = 3~"11 (+U-.) 2 , 
C 111 £ 11 t O 
AK" = 3e'1\e'lll 
il 3 C' , . 11\£ 11 t O 
(17) 
(18) 
(19) 
(20) 
The magnitudes of these pieroelectric corrections have been evaluated for the RIy mode in 
a-SiOz and the RIa mode in LiNb03. The results are given in Table I. The piezoelectric 
correction to K2 is of the 1 to 3%. For K3, however, the largest contribution to the 
piezoelectric correction is 17% in a-quartz and 18% in LiNb03. This shows the 
importance of higher-order piezoelectric effects in evaluating the nonlinearity of 
piezoelectric materials, and indicates the necessity of further investigation of these nonlinear 
phenomena. 
TABLE I. 
a-Si02 
LiNbO) 
The piezoelectric correction to K2 and K3 for the RIy mode in a-Si02 and 
the RIa mode in LiNb03. 
0.008 
0.026 
o 
-0.003 
0.013 
0.060 
0.17 
0.18 
Finally, we have investigated the effect of polarization on samples of PZT. 
Samples of two types of PZT were investigated both with and without polarization. 
Results showing the second order elastic constants K2 and the third order elastic constants 
K3 of all the samples are shown in Table II. The effect of polarization is noticeable in both 
K2 and K3 of both samples; however, the magnitudes of K3 are much more affected by 
polarization. Since the samples are ceramics rather than single crystals, further detailed 
data analysis is not possible without additional theoretical assumptions. The effect of 
polarization on the physical properties (both linear and nonlinear) has been demonstrated, 
however, so it now is feasible to consider theoretical analysis of the nonlinear piezoelectric 
properties of PZT. 
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TABLEll 
Values of sound velocity K2 and K3, and nonlinearity parameter ~ for PZT at room temperature. 
Sample 
Velocity of 
longitudinal 
mode (m/sec) 
Nonlinearity 
Parameter 
KI-Unpolarized 
K 1-Polarized 
4334.1 
4577.2 
4320.0 
4523.1 
14.75 
16.45 
14.95 
16.39 
6.995 
7.904 
4.671 
5.583 
-147.38 
-183.19 
S 1-Unpolarized 
S I-Polarized 
-114.67 
-140.76 
CONCLUSION 
We have shown that nonlinear properties of cubic samples can be correlated with 
lattice anharmonicity in at least three cubic crystals. For crystals of other symmetries the 
nonlinear behavior is somewhat more complicated. In the basal plane of a hexagonal 
crystal the linear properties are isotropic and the nonlinear properties are anisotropic. The 
effect of piezoelectricity on the nonlinear properties of crystals has been calculated, and its 
effect on the ceramic PZT has been measured. In both cases the effect of piezoelectricity on 
the nonlinear properties is important, and should be accounted for in a consistent way. 
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